In this paper, by using the coincidence degree theory due to Mawhin and constructing suitable operators, we study the solvability for functional boundary value problems of second-order nonlinear differential equations system at resonance with dim Ker L = 3 and 4, respectively.
also be used for higher order problems with functional conditions see [, ] . Inspired by the above literature, we will study the existence of solutions to functional boundary value problems of differential equations system. To the best of our knowledge, this subject has not been studied. In the present paper, we investigate the following equations:
x (t) = f (t, x(t), y(t), x (t), y (t)), t ∈ [, ], y (t) = g(t, x(t), y(t), x (t), y (t)), t ∈ [, ],
Preliminaries
We present some necessary definitions and lemmas. Consider the following conditions: 
N(x, y) (t) = f t, x(t), y(t), x (t), y (t) , g t, x(t), y(t), x (t), y (t) . Then FBVPs (.) can be written as L(x, y) = N(x, y).
Definition . Let Y , Z be real Banach spaces, L : dom L ⊂ Y → Z be a linear operator. Y is said to be the Fredholm operator of index zero provided that:
Let Y , Z be real Banach spaces, L : dom L ⊂ Y → Z be a linear operator. L is said to be the Fredholm operator of index zero.
We denote the inverse of the mapping by
The following is the Kolmogorov-Riesz criterion (see, for example,
be a Fredholm operator of index zero and N
Assume that the following conditions are satisfied:
Now, we give Ker L, Im L and some necessary operators under conditions (A  ) and (A  ), respectively.
Proof For convenience, assume, by way of contradiction, that
for all m ∈ N, which is a contradiction. Similarly, for  and  , we omit the corresponding details as straightforward.
For convenience, we denote
(B  ) The functionals  ,  ,  ,  : Y → R are linear continuous with respective norms
Based on the condition (A  ), we have
Considering the resonance condition (B  ), we have
Combining the above we obtain (.). Define Q : Z → Z as follows:
where
, and h  is introduced in Lemma ., m  and n  are the same as in Lemma ..
By Lemma ., (B  ), and the property of h  in Lemma ., we have
Define an operator P : Y → Y as follows:
It is easy to check that P  (x, y) = P(x, y), (x, y) ∈ Y , it is also elementary to confirm the iden-
So it is easy to obtain
From the above equations, we have
We have L(x, y) = (u(t), v(t)), t ∈ (, ) and
From the above two aspects, we have
By Lemma ., define Q : Z → Z as follows:
Let the mapping P : Y → Y be defined by
Noting that P is a continuous linear projector and
We have
Thus, K P = (L| dom L∩Ker P ) - .
Main results
By making use of Lemmas ., . and ., we can obtain the following existence theorem for FBVPs (.) at dim Ker L = .
Theorem . Assume (A  ), (H) and the following conditions hold:
The proof of Theorem . will be based on the next two lemmas.
and
By L(x, y) = λN(x, y), we obtain
By (D  ) and (.), we have
for the sake of brevity, let
then by (.) and (.), we have y
Therefore  is bounded.
Lemma . Assume that (A  ), (H) and (D  ) hold. Then
is bounded, where J : 
By the same method we can also see that  is bounded. Then from above arguments, we have
Proof of Theorem
At last we will prove that (iii) of Lemma .. is satisfied.
Then by Lemma ., L(x, y) = N(x, y) has at least one solution in dom L ∩ . The proof of Theorem . is completed.
Theorem . Assume (A  ), (D  ), (H) and the following conditions hold:
(
The proof of Theorem . will also be based on the next two lemmas.
we get
By the proof of method in Lemma ., we obtain
Therefore,  is bounded.
Lemma . Assume that (A  ), (B  ), (H) and (D  ) hold. Then
At last we will prove that (iii) of Lemma . is satisfied.
Then by Lemma ., L(x, y) = N(x, y) has at least one solution in dom L ∩ . The proof of Theorem . is completed.
The next lemma provides norm estimates needed for the following result.
Proof As in the proof of Lemma ., by (D  ), there exist constants
As in the proof of Lemma .,
is introduced for the sake of brevity. Hence
That is,
Thus,
Similarly, it is easy to obtain |y () 
